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The "nite element method has been applied to the analysis of acoustic problems with
several natural frequencies and mode shapes. First, a recovery-based error estimation is
performed following the well-known procedures of structural problems. Then, an h-adaptive
re"nement strategy is proposed that leads to a "nite element mesh with the minimum
number of elements and with a speci"ed error for each of the natural frequencies included in
the analysis. The procedure provides a useful numerical tool, since the computational
requirements are reduced. In addition, results obtained by means of the minimum element
size procedure are shown for comparison purposes. The similarity of the meshes given by the
two methods is justi"ed on the basis of the equations that lead to the element size of the
mesh. The procedure has been applied to some numerical examples to illustrate its validity.

� 2002 Elsevier Science Ltd. All rights reserved.
1. INTRODUCTION

Acoustic problems are usually modelled by means of analytical and numerical techniques.
While the former have important computational advantages when the domains and the
boundary conditions are relatively simple (see reference [1] for elliptical domains and
reference [2] for the circular case), the latter are useful for arbitrary geometries, at the cost of
higher computational requirements. In this case, it is important to de"ne numerical
procedures so that the "nal mesh leads to the prescribed accuracy with a minimum
computational cost. Since the acoustic response of a system is usually a!ected by several of
its natural frequencies and mode shapes, a method that enables one to obtain a single mesh
with a minimum number of degrees of freedom and a speci"ed error for each natural
frequency appears to be a desirable tool for the numerical modelling of acoustic problems.
The basic structure of the method can be divided into: (1) estimation of the discretization
error; (2) development of the strategy associated with the h-adaptive re"nement; and (3)
mesh generation. While the present work deals with the "rst and second parts of the
previous structure, details of mesh generation procedures can be found elsewhere [3].
Some procedures to estimate the discretization error for acoustic problems with

harmonic excitation can be found in the literature. Bouillard et al. [4] adapted the
superconvergent patch recovery technique (SPR) proposed by Zienkiewicz and Zhu [5, 6]
to acoustic problems, considering complex variables. This work showed that the error
estimator depends on the frequency of excitation. Ihlenburg and Babus\ ka [7, 8] studied the
"nite element error of the solution of the Helmholtz equation when a high wave number is
considered. They showed that the total error can be divided into two terms: a local error
which can be estimated with the traditional recovery techniques that perform local
0022-460X/02/$35.00 � 2002 Elsevier Science Ltd. All rights reserved.
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calculations, and a global error related to the pollution of the solution, which is associated with
a phase lag between the exact and the numerical solution. This pollution term can be neglected
in the asymptotic range, that is, when the mesh is very re"ned, but it becomes important in
the preasymptotic range [9], in which the standard a posteriori estimates based only on
local computations underestimate the exact error. For the kind of meshes and frequency
range considered in the present work, the pollution error has not been taken into account.
In the case of natural frequencies and mode shapes, most of the reported works that deal

with error estimation are applied to structural problems, showing that the patch recovery
techniques usually lead to good results. In references [10, 11], the SPR technique was used
to improve the stress "eld associated with each natural mode and to estimate the error of
the corresponding natural frequency. Stephen and Steven [12] considered the displacement
modal "eld given by "nite element calculations in a patch in order to improve it via
a weighted least-squares technique. This enabled them to evaluate more accurate
eigenvalues, which were used as an error measure for the original "nite element analysis.
Hager and Wiberg [13] proposed a modi"cation of the SPR technique, based on the
displacement "eld (SPRD) rather than the stress "eld. The improved displacement "eld led
to a better estimation of the natural frequencies. The results were shown to be quite good,
mainly for regular meshes and low order mode shapes. The present work applies the SPR
technique adapted to acoustics [4] in order to estimate the discretization error in acoustic
eigenfrequencies. This means that the acoustic pressure gradient associated with each mode
shape is improved in order to be compared with the original "nite element solution,
enabling one to obtain an error estimation of the acoustic natural frequencies. As will be
shown from numerical examples, the error estimation is found to be acceptable for
engineering purposes, that is, the e!ectivity index is close to unity as the mesh is re"ned.
Once the discretization error has been estimated, the desired error can be achieved by

remeshing the original "nite element mesh based on the error estimation. Some reported
works that deal with h-adaptivity in acoustics consider the problem of frequency response
for a single frequency of excitation. In references [14, 15], the SPRD technique was applied
to obtain a better pressure "eld. This leads to the optimum mesh for a given frequency of
excitation by considering the criterion of achieving equal error in each element of the new
mesh. As far as the eigenproblem is concerned, the reported papers dealing with h-adaptive
re"nement mainly consider structural problems. Hager and Wiberg [13] considered the
optimum mesh for a single natural frequency. The works of Ladeveze et al. [16] and
Ladeveze and Pelle [17] studied the performance of the optimum mesh for a set of natural
frequencies, de"ning as the optimum mesh the one that achieves a mean error in the set of
eigenvalues lower than the desired error, with a minimum number of elements. References
[10, 11] de"ned h-adaptive strategies in order to obtain the optimum mesh for a set of
natural frequencies, considering, in a general way, a desired error which can be di!erent for
each mode shape.
The strategy developed in this work is applied to two bidimensional test problems. First,

a problem with exact analytical solution is considered (a rectangular cavity), which enables
one to validate the procedure. Secondly, a more complex geometry similar to the one
considered in reference [14] is analyzed.

2. ACOUSTIC NATURAL FREQUENCIES AND MODE SHAPES

The propagation of sound in an ideal #uid is governed by the well-known wave equation [18]
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� being the Laplacian operator, p
�
the acoustic pressure, c

�
the speed of sound and t the

time variable. If the "nite element formulation is applied to equation (1), the problem of
natural frequencies and mode shapes can be expressed, under harmonic behavior, as

([K]!��[M])�P
�
�"�0�, (2)

where [K] is de"ned as the &&classical'' sti!ness matrix, related to the acoustic kinetic energy,
[M] the &&classical'' mass matrix, associated with the acoustic potential energy, � the
angular frequency and �P

�
� the vector containing the nodal values of the pressure

amplitude "eld. Thematrices [K] and [M] are both real and symmetric. The solution of this
eigenproblem is a set of natural frequencies �

�����
and mode shapes �P

�
�
�����

, where
r denotes the mode number.
If one considers the modal transformation of co-ordinates, the modal mass m

�����
and the

modal sti!ness k
�����

can be de"ned as
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where the natural frequency is given by
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denoting exact values) as the di!erence between the "nite
element and the exact solution, the exact natural frequencies�
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can be expressed in terms

of their associated modal mass and sti!ness. Therefore, the following relationship holds:
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If the mode shapes are supposed to be normalized so that m
�����

"m
�����

"1, the
combination of equations (5) and (6) leads to the error in natural frequency e������

, given by
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The normalization of the mode shapes enables one to de"ne the error in natural frequency
as a function of the error in modal sti!ness. When consistent mass matrices are considered,
the discretization error arises mainly from the kinetic energy modelling [11]. Since only
consistent mass matrices are included in the present work, the normalization is found to be
suitable.

3. ESTIMATION OF THE DISCRETIZATION ERROR

The evaluation of the discretization error can be approached by considering the norm of the
exact acoustic pressure "eld p
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where � is the gradient operator, the symbol &&&'' denotes the complex conjugate and< the
volume of the #uid domain. The squared norm of the "nite element solution p

������
is related

to the kinetic energy, and is given by
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For problems in which no Dirichlet boundary conditions exist, one has �p
������

�"0 since
p
������

is constant. If equation (8) is required to be a norm for all practical considerations,
only higher order modes (r'1) have to be included in the analysis. The squared norm of
the exact discretization error e

�����
is given by
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The consideration of consistent mass matrices and appropriate conditions related to the
numerical integration [19], lead to the following convergence relation:
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h being the element size, p the polynomial degree of the pressure interpolation functions and
C a positive constant which depends on p and the mode considered, but not on h. The error
in norm, de"ned as the di!erence between the norm of the exact solution and that of the
"nite element solution, is not completely equivalent to the norm of the error. From
equations (7), (9) and (11), and applying the triangular inequality, the error in natural
frequency e�������

satis"es the following relationship,

e�������
"�p

������
��!�p

������
��"�p

������
!p

������
#p

������
��!�p

������
��

)�p
������

!p
������

��#�p
������

��!�p
������

��"�p
������

!p
������

��

"�e
�����

��. (12)

For practical purposes, the inequality expressed in equation (12) is replaced by the
approximation &&+'' in order to obtain the formulation that leads to the h-adaptive
re"nement, which can be accepted in the asymptotic range of convergence. To estimate
the absolute discretization error, a recovered pressure gradient "eld �pH

�
is used in

equation (10) (see reference [4]) instead of the exact one, which is generally unknown. This
leads to
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the subscript es denoting estimated variables. The behavior of the error estimator depends
strongly on the procedure applied to obtain the recovered pressure gradient "eld. The
method of direct nodal averaging for linear triangular elements and the SPR technique [4]
for quadratic triangular elements are considered here. The relative exact error �

�����
is

de"ned as
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In order to estimate �p
������

�, one may use the expression �p
������

��!�p
��	���
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��
based on equation (12) with estimated values. Finally, the estimated relative error can be
de"ned as
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4. H-ADAPTIVE STRATEGY

An h-adaptive strategy is proposed considering an optimum mesh that enables one to
obtain a speci"ed error with a minimum number of elements [20}22], since this strategy has
been shown to be suitable for problems with several load cases. The criterion of minimizing
the number of elements has been found to give similar results to the technique associated
with the uniform absolute error distribution procedure [23, 24].
The element size in the new mesh can be de"ned considering the local re"nement ratio
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for each mode shape
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with h������
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being the element size in the new mesh of those elements contained in the
element e of the previous mesh whose size is h���
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. The number of elementsN������
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with D being the dimension of the problem. Here, only bidimensional geometries are taken
into account (D"2), and therefore the new mesh has a total number of elements
N
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given by
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whereN
������

is the number of elements of the previous mesh. If the domain associated with
element e of the previous mesh is considered, it is possible to establish a local convergence
relationship similar to that expressed in equation (11) in the asymptotic range. Thus, for
practical purposes and with estimated values, the discretization errors of two consecutive
meshes and the local re"nement ratio are related by
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with e��������	���
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being the estimated error for all the elements of the new mesh contained in
the element e of the previous mesh whose error is denoted by e�����	���

	
���
. Combining the

previous results, an expression is derived that yields the error in the new mesh as a function
of the error in the previous mesh and the local re"nement ratio,
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4.1. OPTIMUM MESH FOR A SINGLE MODE SHAPE

Following the previous results, the optimum mesh for a mode shape can be achieved by
"nding the local re"nement ratio that minimizes
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where e����
	
�
is the absolute error speci"ed for the mode shape r in the new mesh. The local

re"nement ratio that satis"es this problem is given by [11, 25]
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which depends on the estimated errors in the previous mesh, and can be evaluated
separately for all the modes included in the analysis.

4.2. OPTIMUM MESH FOR A SET OF MODE SHAPES

IfN
�
modes are included in the analysis simultaneously, the local re"nement ratioR��� for

all the modes comes from the solution of the problem associated with minimizing
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The solution of the previous problem [11, 25] shows that the local re"nement ratio for a set
of modes depends on the local re"nement ratio of each mode, that is,
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with 
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being the global re"nement contribution factor of the mode r, that satis"es the
following set of equations:
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The re"nement associated with some modes, however, can suitably re"ne the mesh for other
modes, as it is shown qualitatively in Figure 1, in which the relative error of two particular
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Figure 1. Relative error of two modes versus number of nodes for di!erent re"nement processes.
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modes is represented as a function of the number of nodes of the "nite element mesh. The
previous mesh has N

�
nodes, and the relative errors in each mode are �

����
and �

����
respectively. The new mesh is required to give desired relative errors �

����
and �

����
. If only

the "rst mode is included in the re"nement process, the errors follow the line &Ref. Mode 1',
andN

��
nodes are necessary to achieve a value less than or equal to the desired error for the

"rst mode. In this case, the error for the second mode in the new mesh, �

���

, is found to be
less than the desired one, that is, �


���
(�

����
. However, if both modes are taken into

account in the re"nement (line &Ref. Global'), the error will be equal to the desired one for
both of them, at the expense of modifying the mesh as the second mode indicates. This
"nally leads to a greater number of nodes N

������
, so that N

������
' N

��
. In this case, the

global re"nement contribution factor 

���

is negative. Thus, in order to obtain the optimum
mesh with a minimum number of elements, only the "rst mode should be kept in the
re"nement. Therefore, the initial problem should be reformulated by means of replacing the
equal restriction by a &&less than or equal to'' constraint in equation (25). The problem can
now be stated as minimizing
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The optimum mesh could be obtained via the solution of this new problem. Another
possibility is to consider equations (24) and (25) and to exclude those modes whose global
re"nement contribution factor is found to be negative.

4.3. MINIMUM ELEMENT SIZE CRITERION

A practical criterion to de"ne the mesh re"nement when dealing with a set of natural
frequencies consists of evaluating the local re"nement ratio for each mode separately, and



Figure 2. Acoustic mode shapes and optimum "nite element meshes of a rectangular cavity (modes considered
separately).
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Figure 2. Continued.
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Figure 3. Convergence of the exact relative error: �**�, mode 2; � - - -�, mode 3; � } } }�, mode 4;
� } - } - }�, mode 5; #**#, mode 6; #- - -#, mode 7; #} } }#, mode 8; #} - } - }#, mode 9; �**�,
mode 10. Mesh obtained considering only (a) mode 6 and (b) mode 10.

Figure 4. Finite element mesh for a rectangular cavity with all the modes considered simultaneously: (a) starting
mesh and (b) "nal mesh.
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then the maximum value is taken, that is

R���
��


"max(R���
���
) (30)

with R���
��


being the local re"nement ratio of the minimum element size criterion. The
sequence of meshes provided by this method is quite often very similar to that obtained via
the criterion of minimizing the number of elements explained in the previous section. The
reason can be found if equation (26) is analyzed. The local re"nement ratio R��� is related to
the local re"nement ratios of the modes, R���

���
, which are weighted by the global re"nement

contribution factors 

���
. However, the exponent of the local re"nement ratio is high (its

value is 4 for linear elements and 6 for quadratic elements). This means that the most
important contribution to the de"nition of R��� comes from the maximum value of R���

���
. It is

obvious that this simple interpretation cannot be valid for all the problems, but the
numerical results obtained in several test problems indicate that the di!erences between
both procedures, minimum number of elements and minimum element size, are small from
a practical point of view. However, it is important to take into account some remarkable
details when the minimum element size criterion is applied. The error obtained with this
procedure can be less than the desired one for each mode, due to the fact that some elements
are excessively re"ned. To avoid this situation, it is possible to introduce a scale factor
�
���
for each mode, so that the re"nement is performed by means of �R���

��

, rather than the

term given directly by equation (30). This scale factor � for all the modes considered
simultaneously is obtained from

�"max(�
���
), (31)
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Figure 6. Convergence of the exact relative error with the developed procedure and linear triangular elements
(legend same as in Figure 3).
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which leads to an error less than or equal to that required in the analysis for each mode. To
evaluate the scale factor �

���
for each mode, equation (22) turns into
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Some test problems are shown in the next section, in order to validate the h-adaptive
re"nement strategy proposed in this work, as well as all the aforementioned comments
about the minimum element size criterion.

5. RESULTS AND DISCUSSION

Two bidimensional test examples are considered in this section to validate the proposed
adaptive strategy and to illustrate its application. The "rst example consists of a rectangular
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cavity with closed walls, whose analytical solution is known and enables one to validate the
procedure. The rectangle is 1)6 m in length and 1 m in height, the speed of sound is
c
�
"342)57 m/s and the #uid density �

�
"1)21 kg/m�. The analysis includes the mode

shapes 2, 3,2, 10 (the mode 1 is not considered since it consists of a uniform pressure "eld).
First, the modes are considered separately, and the optimum mesh has been obtained for
each of them. The desired relative error is set to 5 per cent for each mode, and six h-adaptive
steps are performed to obtain the convergence curve (the starting mesh is the same for all
the modes). Figure 2 shows the results obtained (mode shape pressure "eld and optimum
mesh) with linear triangular elements for the aforementioned nine mode shapes arranged
according to increasing natural frequency. As can be seen, the element size depends on the
solution of the problem, and obviously, it is di!erent for each mode shape.
The optimum re"nement achieved for each mode is not able to obtain the desired error

for some of the other mode shapes. For instance, the exact relative error,
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, (34)

versus the number of nodes of the mesh is depicted in Figure 3, considering the results
obtained for modes 6 and 10. If only mode 6 is included in the re"nement, the discretization
error is less than or equal to the desired one for this mode and those with lower order, but
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the desired error is not achieved for higher order modes. In addition, the highest mode
cannot suitably re"ne some lower order modes, since the mesh obtained considering the
mode 10 gives errors higher than the desired one for modes 8 and 9.
The application of the developed procedure allows one to consider all the modes

simultaneously. The starting mesh is shown in Figure 4(a), which is equal to that considered
in Figure 2. The h-adaptive strategy leads to the mesh shown in Figure 4(b), which provides
a discretization error less than or equal to the desired one for each mode shape. Figure 5
shows the global re"nement contribution factors 


���
obtained with the proposed method.

The modes that have signi"cant participation are the tenth, ninth and eighth. The rest are
su$ciently re"ned by these modes, and hence, their contribution to the "nal mesh is
negligible. Figure 6 shows the convergence curve of the relative error, which is shown to be
less than or equal to than the desired one for each mode.
In order to validate the suitability of the error estimation, the ratio of the estimated error

to the exact one can be found, that is,
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, (35)

where 

���

is the e!ectivity index. This is represented in Figure 7, in which, as can be
observed, the e!ectivity index is close to unity when the number of nodes is increased (the
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Figure 9. E!ectivity index with the developed procedure and quadratic triangular elements (legend same as in
Figure 3).
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di!erence can be assessed in relation to truncation errors and tolerances in the evaluation of
the eigenvalues, among others). This is in agreement with the fact that the discretization
error arises basically from the acoustic kinetic energy term, and that the error associated
with the acoustic potential energy can be neglected in practical problems.
The same problem has been solved by means of quadratic triangular elements. Now, the

desired relative error is set equal to 1 per cent for each mode, and similar results are
obtained. Figures 8 and 9 show the convergence curves and the e!ectivity indices,
respectively, when all the modes are considered simultaneously in the analysis. The global
re"nement contribution factors obtained via the proposed method can be seen in Figure 10.
The modes 9 and 10 have a signi"cant weight in the mesh, and their contribution di!ers
from that found in the case of linear elements. The other modes are shown to have
a negligible e!ect.
The second test problem consists of a more complex domain (an expansion chamber),

whose geometry is similar to that used in reference [14]. The #uid properties and the
number of modes are kept equal to those of the previous example. First, four meshing steps
and linear triangular elements are considered. The desired relative error is 5 per cent and the
starting mesh is the same for all the modes. The mode shapes and the "nal meshes obtained
by considering the modes separately are represented in Figure 11. The fourth, eighth, ninth
and tenth modes produce very re"ned meshes to achieve the desired error. Figure 12 depicts
the convergence of the estimated error for the meshes associated with modes 4 and 10, and
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again, the re"nement is not suitable for some of the other modes, whose error is higher than
the desired one. To save this drawback, all the modes can be considered at the same time,
giving the meshes shown in Figure 13, which have been obtained by means of the present
method and the minimum element size criterion (again the same starting mesh as in Figure
11 is considered, and it is depicted in Figure 13(a)). Both meshes are found to be quite
similar, as it was justi"ed in a previous section. The global re"nement contribution factors
of the modes 4, 8, 9 and 10 are found to be the most important in the h-adaptive process, as
can be concluded from Figure 14 (it is worth noticing that the highest contribution
factor corresponds to mode 4). The convergence of the relative error applying these two
methods is represented in Figure 15. In both cases, the achieved error is less than or equal to
the desired one for each mode. The former method provides the desired value for those
modes that participate in the re"nement, and a lower value for the rest. The latter gives
similar results.
Regarding the use of quadratic elements, a desired error of 2 per cent and six steps are

considered. Figure 16 shows the convergence of the estimated error for the two previous
techniques. Now, the curves slightly di!er, but the error is always lower than or equal to the
required one. The participation factors are shown in Figure 17. Modes 4, 8 and 9 de"ne the
h-adaptive process, whereas mode 10 has been excluded (in the case of linear elements, this
mode also takes part in the mesh re"nement). Moreover, the in#uence of the fourth mode is
higher in comparison with that associated with the three-noded element.



Figure 11. Acoustic mode shapes and optimum "nite element meshes of an expansion chamber (modes
considered separately).
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6. CONCLUDING REMARKS

This work considers the error estimation in acoustic eigenproblems in which consistent
mass matrices are used. The e!ectivity index achieved by means of the Zienkiewicz}Zhu
estimator (extended by Bouillard et al. [4] to acoustic problems) is quite close to unity, thus



Figure. 11. Continued.
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Figure 12. Convergence of the estimated relative error (legend same as in Figure 3). Mesh obtained considering
only (a) mode 4 and (b) mode 10.
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providing a reliable tool to perform the mesh re"nement. A "nite element re"nement
strategy has been proposed that allows the inclusion of a set of acoustic natural frequencies
and mode shapes simultaneously in the analysis. This procedure gives a "nite element mesh
with a minimum number of elements, in which the estimated error is less than the required
one for each natural frequency. The technique includes the in#uence of each mode shape,
which is represented by means of its global re"nement contribution factor. In addition, it
has been justi"ed that the traditional minimum element size criterion can be quite similar to
the proposed technique.
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